
? ? ?

X |X| E F

E \ F E F

a1, . . . , ar

a b a

i

= a + bi i = 1, . . . , r b

E F F E

�(E,F ) =
��� |F \ E|� |E \ F |

���.

X d P(X)
X

P(X)



d

dX

k=0

k

✓
d

k

◆
et

dX

k=0

k(k � 1)

✓
d

k

◆
.

1

|P(X)|
X

Y 2P(X)

|Y | et
1

|P(X)|
X

Y 2P(X)

|Y |2.

1

|P(X)|
X

Y 2P(X)

�(X,Y )2 = d.

N q a

S

q,a

(N) {1, . . . , N} a q

P(N) = P({1, . . . , N})

1  a  q  N S

q,a

(N)
1 + N

q

1  t  N

1

|P(N)|
X

Y 2P(N)

tX

q=1

qX

a=1

�(S
q,a

(N), Y )2  2Nt.

C > 0
N Y {1, . . . , N}
q 1 N a 1 q

�(S
q,a

(N), Y )  CN

2/3
.

t

E c : Z ! C
c E bc : R ! C

bc : x 7!
X

n2Z
c(n)e2i⇡nx.

E



c : Z ! C E n 2 Z
Z 1

0
bc(x)e�2i⇡nx

dx = c(n) et

Z 1

0
|bc(x)|2 dx =

X

n2Z
|c(n)|2.

c d E c ⇤ d :
Z ! C

(c ⇤ d)(n) =
X

(p,q)2Z2
, p+q=n

c(p)d(q).

c ⇤ d E
d
c ⇤ d = bc bd.

N Y

{1, . . . , N} r ⌘ = r

N

� : Z ! C �(n) = 1 � ⌘ n 2 Y �(n) = �⌘
n 2 {1, . . . , N} \ Y �(n) = 0

X

n2Z
�(n) = 0.

E Z V (E)

V (E) = |E \ Y |� ⌘|E \ {1, . . . , N}|.

c�E

: Z ! C �E 1 n �n 2 E 0

V (E) = (� ⇤ c�E

)(0).

s N s

N

q c

q

E

q

= {n 2 Z, q divisen et |n|  sq}.

n � 2 ↵1, . . . ,↵n

i, j 2 {1, . . . , n} h 2 Z

|↵
i

� ↵

j

� h|  1

n

.

↵ Q

q 2 {1, . . . , Q} h

|q↵� h|  1

Q

.



↵ K > 0
N s q  8s

|bc
q

(↵)| � Ks.

p E

q,p

E

q,p

= p+ E

q

= {n 2 Z, n� p 2 E

q

}.

X

1q8s

X

p2Z
V (E

q,p

)2 � K

2
⌘(1� ⌘)Ns

2
.

s

K

0
> 0 N Y Z

{1, . . . , N}
��� |Y \ Z|� ⌘|Z|

��� � K

0p
⌘(1� ⌘)N1/4

.

! : [1,1[! R !(u) = 1
u

1  u  2

!(u) =
1

u

+
1

u

Z
u�1

1
!(t)dt

u > 2

[1,1[
C1 ]2,1[

u � 1 1/u  !(u)  1

u!

0(u) = �
R
u

u�1 !
0(t)dt u > 3

k > 0

lim
u!1

u

k

!

0(u) = 0.

! +1
L

e! u 7! !(u)� L

8u > 3, u e!(u) = �
Z 1

u�1
e!(t)dt.

C � 1 u, v > C

!(u) < L !(v) > L



x ⇡(x)
x

C > 0

8x > 1,
���⇡(x)�

x

lnx

���  C

x

(lnx)2
.

P

K > 0 1 < a  b

���⇡(b)� ⇡(a)�
X

anb

1

lnn

���  K

b

(ln b)2
.

f :]1,1[! [0,1[ 1 < a  b a

�

a b

0

b b

X

p2P, apb

f(p) =
X

anb

⇡(n)[f(n)� f(n+1)]� ⇡(a�)f(1+ a

�)+ ⇡(b0)f(1+ b

0).

X

anb

f(n)

lnn
=

X

anb

 (n)[f(n)� f(n+ 1)]� ⇡(a�)f(1 + a

�) +  (b0)f(1 + b

0),

x a b

 (x) = ⇡(a�) +
X

akx

1

ln k
.

���
X

p2P, apb

f(p)�
X

anb

f(n)

lnn

���  K

bf(1 + b

0)

(ln b)2
+K

X

anb

n

(lnn)2
|f(n+1)�f(n)|,

K

k 2
X

n�2

1

n(lnn)k

a > 1

X

n�a

1

n(lnn)k
 1

(k � 1)(ln a)k�1
+

1

a(ln a)k
.



K

0
> 0

1 < a < b

X

p2P, apb

1

p(ln p)2
 1

2(ln a)2
+

K

0

(ln a)3

K

00
> 0 x > 1

X

2nx

1

(lnn)2
 K

00 x

(lnx)2
.

x y �(x, y)
1 x

y y > 0 �(1, y) = 1

1 < y < x

p
x < y

|�(x, y)� ⇡(x) + ⇡(y)|  1

D1 > 0 x > 1
y

p
x  y < x

|�(x, y)� x

lnx
|  D1

⇣
x

(lnx)2
+

y

ln y

⌘
.

x y y

0 � y

�(x, y) = �(x, y0) +
X

p2P, yp<y

0

�
⇣
x

p

, p

⌘
.

x > 1 y x

1/3  y <

p
x

1 +

Z p
x

y

lnx dt

t (ln t)2(ln(x)/ ln(t)� 1)
=

lnx

ln y
!

⇣ lnx
ln y

⌘
.

D2 > 0 x > 1
y x

1/3  y <

p
x

����(x, y)�
x

ln y
!

⇣ lnx
ln y

⌘���  D2
x

(ln y)2
.

y

0 =
p
x

D > 0 1 < y <

p
x

����(x, y)�
x

ln y
!

⇣ lnx
ln y

⌘���  D

x

(ln y)2
.

n � 2

x

1
n+1  y < x

1
n



q 1 '(q)
n 2 {1, . . . , q} q

y > 2 q(y)
y x +1

�(x, y) ⇠ x

'(q(y))

q(y)
.

lim
y!1

'(q(y))

q(y)
ln y = L,

L

y +1
ln q(y) ⇠ y.

y > 2 q = q(y) m

n M(m,n, q)
n⇥m (i, j)

M(m,n, q)
ij

= i+ (m+ j)q

(i, j) 2 {1, . . . , n}⇥ {1, . . . ,m} n < q

M(m,n, q)
�(n, y)

N

M(m,n, q)

N =
X

1jm

h
⇡(n+ (m+ j)q)� ⇡((m+ j)q)

i
.

M

s

M

s

=
1

m

N,

M

a

M

a

=
1

�(n, y)
N.

N > 0

M

s

⇣
n

ln(mq)

⌘�1
⇥M

�1
a

mq

'(q) ln(mq)
=

�(n, y)

n

q

'(q)
.



m n

y

↵0 > 0 ↵ > ↵0

� > 1 x > 1

(lnx)(⇡(x+ (lnx)↵)� ⇡(x)) > �(lnx)↵.

�0 > 0 � > �0

� > 1 q > 1
a1, . . . , a

q

� q q q

�

< a1 <

2q�+1
a

i

�

�1 q

�

ln(q�)'(q)
.

? ?

?


